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sonic aircraft. In addition to its use for determining flight
profiles for minimum time to climb to a given altitude and
speed, and minimum fuel to climb to a given altitude and
speed, this paper shows that the energ}^-state approximation
may also be used to determine flight profiles for 1) maximum-
range glide from a given altitude and speed to another alti-
tude and speed; 2) maximum range at a fixed throttle setting
for a given amount of fuel (or, what is the equivalent prob-
lem, minimum fuel for a given range at a fixed throttle
setting); 3) maximum total range for a given amount of
fuel (or minimum fuel for a given total range); 4) maximum
range in a given time (or minimum time for a given range).
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Lifting-Surface Theory for V/STOL Aircraft in
Transition and Cruise. I

E. S. LEVINSKY*, H. U. TnoMMENf, P. M. YAGER^, AND C. H. HOLLAND!
Air Vehicle Corporation, San Diego, Calif.

This is the first part of a two-part paper in which a large-tilt-angle lifting-surf ace theory is
developed for tilt-wing and tilt-propeller (or rotor) type V/STOL aircraft. Part I deals with
the development of an inclined actuator disk analysis which forms the basis of the method.
Closed form solutions are obtained for the velocity potential at large distances behind the
actuator surface. Both the normal velocity and the nonlinear pressure boundary conditions
are satisfied across the slipstream interface. Effects of slipstream rotation are also evaluated.
In Part II, the included actuator disk analysis is combined with a discrete-vortex Weissinger-
type lifting-surf ace theory for application to wing-propeller combinations at arbitrary tilt
angle and forward speed.

Nomenclature

Ap = propeller area
y4« = area of fully contracted propeller slipstream
b = wing span
C/j0 = zero lift drag coefficient
C"HP — propeller horizontal force coefficient based on propel-

ler area and slipstream total pressure
C" Lp = propeller vertical force coefficient based on propeller

area and slipstream total pressure
Ci = section lift coefficient based on qm
Cia = section ideal lift coefficient
C, D = unknown coefficients in Eqs. (4) and (5)
C"'n = section normal force coefficient based on slipstream

total pressure
c = wing chord length
D = drag force
er, ex, e<? = unit vectors in cylindrical coordinate system
e, = unit vector in z direction
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F = complex potential (inclined actuator disk theory)
G = integral denned by Eq. (24)
flf (Ai ) = function of / * = ( ! + M)(l - ^~1G0
H = total pressure
h = one-half of the vortex spacing on the wing
/ = integral defined by Eq. (24), also number of wing

control stations
i = (-1)1/2

J = propeller advance ratio
K = number of slipstreams
L = lift force
M = number of slipstream control points
N = propeller revolutions/sec
n = normal force/unit span
P, P' — power, also potential influence function (P1 for

multiple slipstreams)
p = static pressure
q = dynamic pressure
R = radius of fully contracted slipstream
Re = radius of cylindrical control surface
RP = propeller radius
r,6 = cylindrical coordinates, slipstream coordinate system
S = surface area, also downwash velocity influence co-

efficient
T = propeller thrust
T"c — propeller thrust coefficient = T/Ap(q00 -f- AH}
u, v, w = velocity components in slipstream coordinate system
V = velocity
V-y = induced velocity inside slipstream
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Fa, = freestream velocity
VR = resultant velocity

VQ = swirl velocity
Wo, = component of freestream velocity in z direction
X = component of propeller force in z direction
x, y, z = slipstream coordinate system
x'i y'i z' = freestream coordinate system
yp = spanwise position of propeller centerline
Z = component of propeller force in z direction, also com-

plex variable Z = reie = y + iz
a. =• wing angle of attack
oLa — ideal angle of attack
<*eff = effective angle of attack
dp = propeller tilt angle
«$ = flap effectiveness parameter
T = vortex strength
•y = ring vortex strength/unit length
A = difference operator
A0n = vortex spacing on slipstream (s)
5 = inclination of slipstream vortex tube with respect to

the freestream
df = flap angle
Smn = Kronecker delta
e = downwash angle
£• = unknown function of 0
0 = polar coordinate (r, 0) in slipstream coordinate system
/i = ratio UQ/US
vt — effective turbulent kinematic viscosity
p = density
<f> = velocity perturbation potential
<p' = reduced velocity perturbation potential = pup
<PST, <f>or = perturbation potentials due to wing and slipstream

horseshoe vortex systems
^ = stream function
12 = effective origin of propeller viscous core ahead of

c/4 point
V = gradient operator

Subscripts
a = ideal
/, j — summation indices over wing
k, I = summation indices over the number of slipstreams
./H; fi = summation indices over the slipstream(s)
o = outside slipstream
p = propeller
R = resultant
s = inside slipstream
u = upper boundary of slipstream
F = induced by wing and slipstream vortex elements
y = induced by ring vortices
co = freestream

Superscripts
= normalized quantity defined by Eq. (24)

* = complex conjugate

the lifting-line theory with lifting-surface (Weissinger) and
slender body theories, and found improved agreement with
test data. The Weissinger lifting-surface theory was subse-
quently generalized in a series of papers by Ribner and Ellis6"8

to apply to multiple uninclined slipstreams of arbitrary cross
section. The latter authors introduced horseshoe vortex
elements of unknown strength along the wing J-chord line,
and required that the wing boundary condition be satisfied at
the f-chord line in accordance with the standard Weissinger
approach. By considering a reduced velocity potential inside
the slipstream, they were able to satisy both the pressure and
flow angle boundary conditions across the slipstream (s)
through introduction of an additional set of unknown horse-
shoe vortex elements around the slipstream periphery. Cal-
culations carried out for a wing and a single uninclined slip-
stream showed good agreement with the test data of Brenck-
mann.9

It is clear that the theory of wing-propeller interaction must
be extended to include effects of large slipstream inclination if
the theory is to be applicable for tilt-wing or tilt-rotor type
V/STOL aircraft. Previous attempts to treat inclined slip-
streams have been unsuccessful, partly because of the use of a
solid cylinder approximation for the inclined slipstream, e.g.,
Refs. 5 and 8. Although the solid cylinder produces a dis-
turbed flowfield outside the slipstream which satisfies the nor-
mal velocity boundary condition, the nonlinear pressure
boundary condition is not satisfied. The rectification of this
inadequacy and the development of a wing-slipstream inter-
action theory applicable to V/STOL technology are the
motivation for the present study.

In Part I of the present paper, a new inclined actuator disk
theory, which satisfies both the normal velocity and nonlinear
pressure boundary conditions across the slipstream interface,
is derived. Effects of slipstream rotation are included by
adopting a viscous core vortex model inside the slipstream for
the swirl velocities. The major assumptions in the resulting
analysis are that the slipstream is fully contracted, of basically
circular cross section, and of constant total head (but with
nonuniform velocities and static pressures) in the region of the
wing.

The inclined actuator disk theory is combined in Part II
with the Ribner-Ellis lifting surface method to treat tilt-
rotor or propeller-wing combinations at large tilt angles and at
forward speeds from hover to cruise. The resulting general-
ized theory is compared wherever possible with available ex-
perimental data. In addition, an extensive series of calcula-
tions is carried out to provide theoretical data for span load-
ing, downwash angles, and dynamic pressure in the wake and
slipstream for representative two- and four-slipstream V/
STOL configurations and flight conditions.

I. Introduction

CONSIDERABLE research effort has been expended in the
past pertaining to the interaction between a wing and slip

.stream. Most noteworthy is the pioneering contribution of
Koning,1 who formulated the proper boundary conditions
across the interface of an uninclined slipstream. Koning
matched both pressure and flow angle on each side of the
boundary within the limitations of linearized theory and used
the Prandtl lifting line theory to predict slipstream inter-
ference effects at cruise speeds. Rolling's treatment was ex-
tended to a wider range of forward speeds by Glauert2 and by
Franke and Weinig.3 The latter authors also improved and
generalized the theory to include effects of small propeller in-
clination and slipstream rotation. Nevertheless, comparison
with test data indicated that the theory overpredicted the
additional wing lift inside the slipstream by a substantial
margin.4

Partly because of this failure of the lifting line approach,
which was assumed due to the low aspect ratio of the wing
segment inside the slipstream, Graham et al.5 supplemented

II. Inclined Actuator Disk Theory

Boundary Conditions and General Solution

The incompressible flowfield created by an actuator disk
with its axis inclined to the freestream direction at an angle
ap is to be considered (Fig. 1). The air passing through the
actuator disk is assumed to experience a uniform increase in
total and static pressure of magnitude A//, so that the total
pressure inside the slipstream has the constant value Hs =
7/0 + A77, where 7/0 is the total pressure outside the slip-
stream. The resultant force on the actuator disc is assumed
to act normal to the disk surface, and is of magnitude APAH.
In this respect, the actuator disk differs from an inclined
propeller or rotor which develops forces in the plane of rota-
tion. This in-plane force is usually small compared to the
normal force, and is neglected in the present formulation.

We next assume that this flowfield can be approximated far
behind the actuator disk by a distribution of suitable singu-
larities around the surface of a semi-infinite circular tube
(Fig. 1). The axis of the tube is inclined to the freestream by
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the angle d. This is the angle at which the slipstream would
be inclined far behind the disk if not for distortion. The radius
of the tube is taken as that of the fully contracted slipstream
r — R, and the boundary conditions which must hold across a
fluid interface are satisfied on the surface of the tube.

A slipstream coordinate system x, y, z (or equivalently x,
r, 6) with the x axis coincident with the tube axis is introduced
for convenience. Denoting by V0, Vs the velocities outside
and inside the slipstream, respectively, the boundary condi-
tion on the velocity components normal to the slipstream
boundarv is

e,-V,, e,-V0 - er-Vs/e : r-Vs for r - R 0)
where e.r, e,-, e# are unit vectors in the designated directions
(Fig. 1). Equation (1) signifies that the flow angles normal to
the cylindrical surface are the same across the interface, but
allows a discontinuity in the velocity components in the plane
of the surface.

The axial velocity components of V0 and Vs are designated
b}^ exu0 and exus, respectively, and may be regarded as con-
stant at large distances from the actuator disk. However, the
cross-flow velocity components are nonuniform, even for
large x, and lead to deformation of the originally circular slip-
stream.

A second boundary condition is that the static pressures
p(,(r, 6) and p«(r, 6) outside and inside the slipstream, respec-
tively, are identical on the tube surface. It will prove con-
venient in the analysis to change the flow into one of constant
total head by subtracting A// from the pressure p$ inside the
slipstream. The pressure boundary condition is then

p0(R, 6) - pa(R, 6) = &H (2)

The above flowfield may be obtained by suitably distributing
singularities on the surface of the cylindrical tube. First, con-
sider a distribution of ring vortices y = ee[dT(x)/dx] with
axes coincident with the x axis and with strength F. Re-
stricting ourselves to large distances behind the actuator
disk, the ring vortex distribution may be regarded as in-
finitely long and of uniform strength. It will therefore induce
only axial velocity components inside the tube, and will have
no influence outside the tube. The derivative 7 is chosen so
that the induced velocity VT inside the tube is ex(us — u0),
viz.,

lim V7 = e.T7 = ex(us — uu\ r < R

lim VT = 0, r > R
(3)

Next, a distribution of vortices and sources and sinks with
axes parallel to x is introduced. These singularities will vary
in strength as a function of 6, but can be assumed independent
of x when x -> °° . In this limit, and using symmetry condi-
tions about 6 = ± 7T/2, the most general form of the resulting
two-dimensional velocity perturbation potential may be
written as

e, r<R (4)
n = 1,3,5

v = v,= y n sin ne r>R (5)
'• * tl

n= 1,3,5 fl

Thus, the resultant velocities become for x -* oo

Vs = Vm -f- ex(us - u0) + V<ps = *xUs + e3Wco + V<£s,
r < R (6)

V, - Vco + Wo = exu0 + e2wm + V'<p0, r>R (7)

where the undisturbed freestream velocity Vra has been re-

solved into components

V = exu0 + eswm

with u0 = V,-,, cos5 and wm = VCf> sin§.

Evaluation of the Unknown Coefficients

The coefficients Cn, Dn, which must be known to obtain the
velocity field, are determined from the boundary conditions
on the slipstream interface.

Making use of Eqs. (6) and (7), the normal velocity condi-
tion [Eq. (1)] becomes

(5<p0/dr) — M(d<p«/dr) = — (1 — p,)wm sin0; r = R (8)

where /z = u0/us.
Introducing Eqs. (4) and (5), and satisfying Eq. (8) for each

term in sin n0, gives the following conditions on the coef-
ficients :

D, -

Dn = n > 3
(9)

Utilizing the steady form of the incompressible Bernoulli
equation, the pressure condition [Eq. (2)] may be similarly
expressed as

2 A///P - u* - u(;1 + [QZW,,, + V < P « ] 2 -
[ezw^ + V<Po]2 , r = R (10)

where the density p is taken the same inside and outside the
slipstream. Since V<£s and V<^0 are both functions of 0,
whereas the remaining quantities in Eq. (10) are independent
of 0, it is required that

2A///p = u:1 - u<;2, r = R

or, equivalently,

A///gro - [(1 - M
2)/M2] cos25, r = R (11)

in order that Eq. (10) be satisfied. The pressure condition
thereupon becomes, using complex notation

iwm + A<ps| = iWv, + A(^0|, r = R

which may be written, without loss of generality, as

= wm - iV<po, r = R (12)

where f is an unknown function of 0 to be determined, and
V<£> = (d<p/d#) + i(b<p/~bz). Substituting Eqs. (4), (5), and
(9) into Eq. (12) for r = R, and observing that all coefficients
Cn, Dn are real, it is readily determined that f must be either
0 or TT. Taking first f = 0,§ and equating coefficients of like
powers of e*e on both sides of Eq. (12) gives

C, = 0

C3 = -(1 - n)ww

Cn+2 = -nCn n > 3

(13)

Complex perturbation potential

In terms of the complex potentials Fs = (ps + i\f/8 and
Fo = <po + tyo inside and outside the slipstream, respectively,
Eqs. (4) and (5) yield

dZ

dZ

(14)
£)„

§ The rejection of solutions with f = TT is justified in the next
section.
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where
dF =
dZ ~

and Z - reie.
By inserting Eqs. (9) and (13) for the coefficients Cn, Dn in

Eqs. (14), it is found that the series can be readily summed.
The resulting closed form expressions may be integrated with
respect to Z, giving

(1 - M) In

(15)

(16)

In the limit /*->!, which corresponds to an actuator disk
of vanishing strength, A// -*- 0 and F8 and K vanish, indicat-
ing that the flowfield is undisturbed in this limit. Re-evalua-
tion of the coefficients for f = IT yields expressions similar in
form to Eqs. (15) and (16), except that the factor (1 — IJL) is
replaced by (1 -f M ) - These solutions must be discarded, be-
cause they fail to satisfy the physical flow in the limit IJL —*• L

In the limit /x —> 0, corresponding either to an inclined
actuator disk of infinite strength (A// —>- oo) or at zero for-
ward velocity, expansion of the logarithmic term in Eq. (16)
shows that F,, becomes the complex potential produced by a
doublet at the origin. Upon superposition of the component
WLO of the freestream velocity parallel to the z axis, the re-
sultant outside flow velocity becomes the same as if the slip-
stream boundary were a solid surface. The solid cylinder
approximation for an inclined slipstream, which was dis-
cussed in the Introduction, is found to hold only in this limit.

At intermediate values of JJL, the complex perturbation po-
tential F0 is recognized as that due to a source of strength
TT(! - n)wajR/n1'2 located at Z = -iRn112 and to a sink of
equal strength located at Z = iR/jil/2. Similarly, Fs is that of a
source and sink at Z = ±^//z1/2, together with a parallel
flow of velocity (1 — n)w,,//z in the positive Z direction.

Velocity field

Having obtained the complex potential in the Trefftz plane
the over-all velocity field is readily evaluated fromx =

AH = H S -H Q

-.— - - —Actuator disc

X = 00

( T r e f f t z plane)

Fig. 1 Flow model and coordinate systems, inclined
actuator disk theory.

Slipstream-

Fig. 2 Control surface for determination of forces and
power, inclined actuator disk theory.

Eqs. (6) and (7). The velocity potentials <ps and (?0 are found
by extracting the real parts of Fs and F0} respectively. Thus,
in rectangular coordinates,

<f>8 =
(1 ~ M)
~ ———— — 4^3/2 X

V + 22 + +

_r

(17)

(18)

Taking the gradient of the above expressions and substituting
into Eqs. (6) and (7), the over-all velocity components u, vt w
in the x, //, z directions at any arbitrary point in the flowfield
are found to be

u0 = Vm cos5

2(1 -
' 2 ) 2 ] J

Wo = 1
(1 - z* +
(z - (z

x
sin<5 (19)

X

for y'2 + z2 > R'2, and

us =

sin5 (20)

ws = 1 -
(l - - ^ + R'2) X

sind
M

for ijl + z2 < R2.
Equations (19) and (20) give the velocities in the flowfield at
x — oo in terms of the parameters ^ and d. Before applying
these expressions to evaluating the downwash angle distribu-
tion inside as well as outside the slipstream, it will prove
convenient to express /z and 5 in terms of parameters of more
physical significance. This will be accomplished in the next
section by relating IJL and d to the tilt angle ap and thrust co-
efficient T1''c. It will also be convenient to relate the vortex
tube radius R to the physical radius of the disk Rp.
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Forces and Power on an Inclined Actuator Disk

Continuity of mass and momentum flux

In order to evaluate the forces acting on the disk, a cylindri-
cal control tube of radius Rc is placed around the disk and
slipstream as shown in Fig. 2. The value of Rc is taken suf-
ficiently large so that the pressure is ambient around the
cylindrical surface $3. The velocity is assumed to be equal to
Vco on the forward face Si at x — — °°, and to be given by
Eqs. (19) and (20) on the rear face *S2 at x = °o. The con-
tinuity equation is written in integral form as

/SlV(-oo)-dS +/S28 + s 2 oV(oo).dS + fS3V(Rc)-dS = 0

where dS has the direction of the inward normal to the sur-
face, and the subscripts s and o designate the portions of &
inside and outside the slipstream, respectively. Using Eqs.
(6) and (7), the net mass flux into the cylindrical surface be-
comes, for a unit density,

fS3V(Rc)-dS = irR2(us - u0)

and carries a net momentum flux

= 7rR2(us - u0) (21)

The momentum equation is expressed in the form

T = -pfsi+st+s* V(V-dS) - fSl+s+8, p dS (22)

where T is the thrust force normal to the actuator disk.
Taking the component of T in the x direction and making use
of Eqs. (6), (7), (11), and (21), together with the incompress-
ible form of Bernoulli's equation, we obtain after some rear-
rangement

X = irR2
Pus(us - u0) - ~ f

2/x2

(23)

Here, we have defined

= J- f **•
TrR2Js*o dz dS 1

^R2 -dS

(24)

where ^ is a modified velocity potential such that

Evaluation of integrals

The integrals given by Eq. (24) will be evaluated below.
Initially, we consider I0. Integrating first with respect to z,
and recognizing that lim ip0 = 0, we obtain from the first of
Eqs. (24) 2^±0°

where z
slipstream.
obtain

is the value of z along the upper boundary of the
Making use of Eq. (18) with y2 + z2 = R2, we

L =
TTJJL 1/2 -f

where a = 2nl/2/(l -f M)- Tne integration may be evaluated
(e.g., p. 86, No. 22a of Ref. 10), and we obtain'

7o = -(1 - /*) (25)
Similarly, the integral /s as defined in Eq. (24) may be written

R -

_ 4 CR

~ T^fiT2 Jo

= L (26)
where we recall (d^g/bz) = djL/wm)(<btps/dz) — (1 — JLI), and
we have made use of Eq. (17) evaluated on the boundary.

The expression for G0 may be written

G = ~ ff
TTzt J J »s2o

The gradient term may be evaluated from Eq. (18). However,
it is more convenient to evaluate V <A>2 directly from the com-
plex potential F0. Thus, we obtain in polar coordinates

(dF0/dZ)(dF0*/dZ*) (I - M2)#4

cos20

Substituting into the expression for GOJ we obtain

R2d6J^ rrdr r2^-
7T JR JO f4

The integral with respect to 6 is 2irR2/(r* - #V2) (see Ref.
10). Thus, Go becomes

R2rdr (1 - u)2 1 + u

Evaluation of Gs may be accomplished in a similar fashion
through use of the complex potential for F8 [Eq. (15)] and
with the definitions for d<p*/d2 and d<^s/5?/. This gives

S~1 __ /~1

Evaluation of force coefficients

Substituting Eqs. (25-28) into Eq. (23) gives

X = irR2p (u9(u8 - u0) -

(28)

X

(29)

Carrying out a similar evaluation for the component of T in
the z direction (the pressure forces do not contribute to this
component) gives

Z = irR2p(l — (30)

It is convenient to express the forces on the actuator disk in
terms of horizontal and vertical force coefficients C" HP and
C"LP, based on the propeller area Ap and the dynamic pres-
sure in the slipstream at ambient static pressure. Thus, we
define

C"Up = (X cos6 - Z sin5)/,lp(gco + A//)

C"Lp = (X sinS + Z cos8)/Ap(qm + A//)

Substituting for Z and X through Eqs. (29) and (30), and
using Eq. (11) for A//, we obtain, after some simplification

C"HP = (—}
\ ^ p /

x
{2(1 - ju) - (1 -

[(1 - M
2) cos*6

fl f (p t ) ] sin23} cos5
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{2(1 -
[(1 - M2)

(32)

where gr(/x) - [(1 + M2)/(l — /*)]& and A, = irR- is the area
of the fully contracted slipstream (vortex tube).

Since T is assumed to act normal to the plane of the disk,
the tilt angle ap is given by

Introducing the thrust coefficient T"c, defined as

•L/AP r/rtff v> i tnn \iT lf
c = A//

(33)

(34)

the ratio of the propeller area to slipstream area AP/AS be-
comes

A,/A. = [(C"LpAp/Asy (35)

where the quantities C"LpAp/A8 and C"HpAp/As are given by
Eqs. (31) and (32).

Equations (11 and 31-35) provide the relations needed to
express the flowfield velocities in terms of the more conve-
nient parameters T"c, apj and Ap instead of /x, 5, and A8. Once
T" c, ap, aud Ap are known, JJL, 5, and As may be obtained
either by iterating on the value of 6, or graphically from
Fig. 3. "

Power

The power P added to the slipstream and to the outside
flow by the actuator disk is readily obtained by evaluating the
net flux of energy out of the cylindrical control surface in
Fig. 2. Thus, writing

P = - -?- f (V-V)(V-dS) - f pV-dS
2 JSi + Sz + Ss y V JSi + Sz + Sa

and performing a similar analysis to that done previously for
the components of T, we obtain

P = usAsMi (36)

P is power add«d to slipstream
Test points from reference 13 assume AH*T/A p

and are corrected for ideal e f f ic iency

o Tc" =0.50

A Tc" = 0 . 7 1

a Tc" = 0 . 9 1

30 60
Propeller t i l t angle ap , deg

Fig. 4 Variation in power required with propeller tilt
angle from inclined actuator disk theory.

The effect of propeller tilt angle on power, for a fixed for-
ward velocity and thrust coefficient, is found by writing Eq.
(36) as

cos2(5
- T»c)} (A.A4

)(gP)"l
)(0) J

(37)

where 5 and A«/AP are obtained in terms of ap from Eqs. (11)
and Eqs. (31-35). This expression has been evaluated (Fig.
4), and is compared with wind-tunnel measurements of power
vs tilt angle in the following section.

Slipstream Rotation

In order to include effects of swirl in the present slipstream
analysis, we assume an idealized vortex model of the propeller,
viz., a bound vortex of constant strength F rotating with the
blade. A line vortex is shed from the blade tip and moves
rearward, because of the action of the freestream and because
of self-induction effects, and forms a spiral-like trailing vortex
system. A semi-infinite vortex of equal strength and lying
along the slipstream axis must be inserted into the model to pro-
vide continuity with the bound vortex. The axial vortex in-
duces swirl velocities inside the slipstream. In this model,
the trailing vortices may be shown to have no effect on swirl
inside the slipstream, but shield the axial vortex outside the
slipstream, thereby reducing the resultant swirl velocities to
zero.

Far enough behind the propeller, the trailing vortex spiral
may be assumed infinite in extent. The axial velocity in-
crement induced inside the slipstream [see also Eq. (3)] is
then us — u() = y = 2NT/(u0 -+- us) where the vortex strength
per unit length 7 is obtained by dividing F by the number of
spiral loops per unit length. Here, N is the number of blade
revolutions per unit time and (u0 + us)/2 is the average axial
velocity of the trailing spiral. Since A///p = |(ws

2 — u0
2), we

obtain

F = JVmRPMl/q» (38)

0.2 0.4 0.6 0.8
Propeller horizontal force coeff ic ient

where ./ is the advance ratio.
Due to the axial vortex, the inviscid swirl velocity ve is

found to be

Fig. 3 Vortex tube angle, inclined actuator disk theory. ve/Vm = (39)
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Fig. 5 Comparison with slipstream rotation angle test
data from Ref. 4.

inside the slipstream, and
vi/Va = 0 (40)

outside the slipstream.
This simple vortex model for slipstream swirl caused by the

propeller rotation is similar to that of Franke and Weinig.3

However, in order to keep the swirl velocities finite near the
axis, the axial vortex will be "softened" by introducing vis-
cous core effects according to Lamb.11 The resulting expres-
sion for the circumferential swirl velocity ve(r) inside the slip-
stream is then

v, J (Rr\/MI\v^±^ WUrJ X

x + (41)

where J = V0J1NRP is the advance ratio, vt is the effective
turbulent viscosity, 12 is the effective starting distance ahead
of the origin for the viscous core, and the sign is positive for a
counter-clockwise sense of rotation when viewed from the
rear.

Equation (41) is compared w^ith measurements by Stiiper4

in Fig. 5. The test data were obtained at several stations in
the wake of a 0.49-ft-diam pusher propeller aligned with the
free stream and at a thrust coefficient T"c ~ 0.38. With the
origin x = 0 located at the blade trailing edge, the best fit to
the data was accomplished by choosing vt = 0.093 ft'2/se-c and
0 = 0.08 ft (approximately twice the maximum blade chord).
The propeller advance ratio was 0.472, whereas the free-
stream velocity was approximately 100 fps. The circulation
F was 14.2 ft2/sec as computed from Eq. (38).

It is not clear how vt will scale for different values of these
parameters, although, as discussed by Hall,12 vt scaling with
either F or (F)1/2 has been considered. Because it would be
premature to use such scaling laws indiscriminately, and be-
cause of the lack of additional test data on the slipstream vor-
tex, the value vt = 0.10 ft'V^ec was used in all subsequent
calculations and design charts.

Comparison with Propeller Test Data

Because of the many assumptions inherent in the inclined
actuator disk theory, it is of importance that the theory be
evaluated by comparing with test data before being applied
to the wing-slipstream interference problem. Comparisons
of the power and average downwash angle across the slip-
stream may be made without consideration of slipstream
swirl. However, the swirl effects should be added to the
theory before detailed downwash survey data may be com-
pared.

A comparison between predicted and measured effects of
propeller tilt angle on power is shown in Fig. 5. Both the
theory, Eq. (37), and the test data, Ref. 13, show that the
power required to produce a given value of T' ' c decreases
with increasing tilt angle, with the power becoming inde-
pendent of tilt angle as T" c -> 1.0, although considerable data
scatter is present.

The downwash angle e far behind the propeller may be
found from the expression

cos<5 — u si sin<5 + u cos<5)] (42)

1.0 2.0
Normalized spanwise distance y/R

£ 90

Fig. 6 Downwash angle across slipstream centerline, in-
clined actuator disk theory.

P r o p e l l e r t i l t angle a D ,deg

Fig. 7 Theoretical downwash angle on slipstream center-
line, inclined actuator disk theory.
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Slipstream
cross-sect ion in
plane normal to
axis of vortex tube.

0.2 0.4 0.6
Thrust coef f i c ien t T "

Fig. 8 Comparison with slipstream downwash angle test
data.

and is readily determined from the theory using Eqs. (19)
and (20). As illustrated in Fig. 6, Eq. (42) predicts a non-
uniform downwash distribution inside the slipstream and a
varying; up wash outside the slipstream, except for the limiting
cases T"c = 0 and 1.0. The calculated downwash angle at
the center of the slipstream, has been plotted, for convenience,
in Fig. 7.

The nonuniform value of e makes comparison with test
data, obtained by means of a tailplane spanning the slip-
stream, somewhat difficult to interpret. Nevertheless, as il-
lustrated in Fig. 8, such "average" test data14 show a varia-
tion in the ratio of e/a.P with T"c similar to that predicted by

theory, at least for the small values of ap for which the tests
were conducted.
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